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Simply and reliably detecting and quantifying entanglement outside laboratory conditions will
be essential for future quantum information technologies. Here we address this issue by proposing
a method for generating expressions which can perform this task between two parties who do not
share a common reference frame. These reference-frame-independent expressions require only simple
local measurements, which allows us to experimentally test them using an off-the-shelf entangled
photon source. We show that the values of these expressions provide bounds on the concurrence of
the state and demonstrate experimentally that these bounds are more reliable than values obtained
from state tomography since characterizing experimental errors is easier in our setting. Furthermore,
we apply this idea to other quantities, such as the Renyi and von Neumann entropies, which are
also more reliably calculated directly from the raw data than from a tomographically reconstructed
state. This highlights the relevance of our approach for practical quantum information applications
that require entanglement.
PACS numbers: 03.67.-a, 03.67.Bg
I. INTRODUCTION
Central to the field of quantum information is quantum
entanglement [1], a resource which promises to revolu-
tionize many information-theoretic tasks. Quantum tech-
nologies for performing these tasks are maturing quickly.
Before long the ability to generate and quantify entangle-
ment outside the laboratory will be essential. One prob-
lem that appears when moving into real-world conditions
is that it is often difficult to establish a common reference
frame between distant parties that wish to communicate.
A natural question then is whether it is possible to de-
tect and quantify entanglement in this setting. Several
works have addressed this question in the recent years,
proposing elegant schemes enabling the detection of en-
tanglement in the absence of a common reference frame
[2–8]. In addition, some of these schemes can quantify
the entanglement in the system [3, 4].
In this work, we examine this question both in the-
ory and in practice, and propose a set of reference frame
independent quantities allowing for a simple experimen-
tal quantification of bipartite entanglement. In partic-
ular, we first present a method for generating expres-
sions that are independent of a shared reference frame
and involve only standard local measurements. We ana-
lyze the properties of four of these expressions, and for
the first one, we show how it can provide tight upper
and lower bounds for a widely used entanglement mea-
sure, the concurrence [9]. Furthermore, the simplicity of
our scheme allows us to experimentally calculate the ex-
pressions using an off-the-shelf entangled photon source.
Crucially, we demonstrate that our experimental results
provide bounds on the concurrence that are more reliable
than values obtained using state tomography. Indeed,
state tomography introduces errors that are difficult to
quantify. In contrast, in our expressions, being simple
functions of raw data, experimental errors can be reliably
calculated. We also apply this technique to other quanti-
ties that are normally calculated from a tomographically
reconstructed state, such as the Renyi and von Neumann
entropies. This work therefore provides a reliable means
to measure entanglement – and other quantities – in re-
alistic conditions, where a shared reference frame may be
difficult to establish.
II. A REFERENCE FRAME INDEPENDENT
EXPRESSION
The expectation values of measurements on a quan-
tum state can be combined to form expressions that are
invariant under local rotation. We will call such expres-
sions reference frame independent (rfi), a term that has
been first introduced in the context of quantum key dis-
tribution [10].
We start our analysis of rfi expressions by considering
a bipartite qubit state, ρ, which may be decomposed in
the Pauli basis as follows:
ρ =
1
4
3∑
i,j=0
〈σiσj〉
(
σi ⊗ σj
)
, (1)
where σ0 = I, the identity operator, σ1 = |0〉〈1|+ |1〉〈0|,
σ2 = i|0〉〈1| − i|1〉〈0|, σ3 = |0〉〈0| − |1〉〈1| are the Pauli
operators, and by 〈σiσj〉 we denote the expectation value
tr(σiσjρ). We can then express the quantity trρ
2, i.e.,
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2the purity of the state, in this decomposition, as
trρ2 =
1
16
3∑
i,j,i′,j′=0
〈σiσj〉〈σi′σj′〉tr(σi ⊗ σi′)(σj ⊗ σj′)
=
1
4
3∑
i,j=0
〈σiσj〉2, (2)
where only non-traceless products, arising for i = i′ and
j = j′, contribute to the summation. Removing all the
identity operators from this summation leads to the ex-
pression
Q2 :=
3∑
i,j=1
〈σiσj〉2, (3)
which is known to be a reference frame independent quan-
tity [2, 5, 7], meaning that it satisfies
Q2(ρ) = Q2
(
(RA ⊗RB)ρ(RA ⊗RB)†
)
, (4)
for any local single qubit rotations, RA and RB . The
quantity Q2 is sensitive to entanglement, taking the value
3 for a maximally entangled state and a value less than
or equal to 1 for separable states (the equality holds for
a separable pure state). The identity
Q2 ≡
3∑
i,j=0
〈σiσj〉2 −
( 3∑
i=0
〈σiσ0〉2 +
3∑
j=0
〈σ0σj〉2
)
+ 〈σ0σ0〉2
(5)
allows Q2 to be expressed in terms of full and partial
state purities [5],
Q2(ρ) = 4trρ
2 − 2(trρ2A + trρ2B)+ 1, (6)
where ρA,B = trB,A(ρ). Expressing Q2 as a function of
purities shows that it is invariant under local rotations
RA and RB . It also explains why Q2 detects entangle-
ment, since the entanglement of a bipartite state can be
characterized by the full and partial purities [11]. Eq.
(6) can also be written
Q2(ρ) = 4trρ
2 − 2(Q1(ρA) +Q1(ρB))− 1, (7)
where Q1 =
∑3
i=1〈σi〉2.
References [2, 5, 7] showed that Q2 can be used to
witness entanglement, and also to establish the experi-
mental Schmidt decomposition. We will show in the fol-
lowing that it can also be used to derive bounds on the
concurrence, a measure of entanglement [9].
Before we do this, we present a general method for
generating rfi expressions.
III. METHOD FOR GENERATING
REFERENCE FRAME INDEPENDENT
EXPRESSIONS
Instead of considering the purity, trρ2, let us apply the
above argument to the quantity trρn. For each power
of n (n ≥ 3), a new rfi entanglement sensitive quantity
is found by removing identity terms and repetitions of
existing expressions from the Pauli decomposition.
For instance, expressing trρ3 in the Pauli decomposi-
tion,
1
64
3∑
i,j,k,l,m,n=0
〈σiσj〉〈σkσl〉〈σmσn〉tr
(
(σiσkσm)⊗ (σjσlσn)
)
,
(8)
and following a straightforward but long calculation (see
Appendix A for details), leads to the expression
Q3 := 〈σ1σ3〉〈σ2σ2〉〈σ3σ1〉 − 〈σ1σ2〉〈σ2σ3〉〈σ3σ1〉
−〈σ1σ3〉〈σ2σ1〉〈σ3σ2〉+ 〈σ1σ1〉〈σ2σ3〉〈σ3σ2〉
+〈σ1σ2〉〈σ2σ1〉〈σ3σ3〉 − 〈σ1σ1〉〈σ2σ2〉〈σ3σ3〉, (9)
which is reference frame independent. The quantity Q3
takes the value 1 for a maximally entangled state and 0
for a separable pure state. As with Q2, we can write Q3
in a more useful way
6Q3(ρ) =16 trρ
3 − 24trρ2 + 3G(ρ)
+12
(
trρ2A + trρ
2
B − trρ2Atrρ2B
)− 4, (10)
in terms of partial purities and a previously known rfi
quantity, G =
∑3
i,j=1
(〈σiσj〉 − 〈σiσ0〉〈σ0σj〉)2 [3, 4].
This shows that Q3 is, indeed, rfi.
Following the same procedure for higher powers of
ρ gives more entanglement sensitive expressions. As
the power increases the calculations become more com-
plicated and expressions must be checked for reference
frame independence since they are not always functions
of known expressions. From the decomposition of trρ4
we find the expression
Q4 :=
∑
i 6=k(i,k 6=0)
∑
j 6=l(j,l 6=0)
〈σiσj〉2〈σkσl〉2−
〈σiσj〉〈σkσl〉〈σiσl〉〈σkσj〉, (11)
which can be written as a function of other rfi expressions
2Q4(ρ) = 64trρ
4 + 12G(ρ)
−2Q2(ρ)
(
Q1(ρA) +Q1(ρB)
)
−18Q1(ρA)Q1(ρB)− 6
(
Q1(ρA) +Q1(ρB)
)
−(Q21(ρA) +Q21(ρB))−Q22(ρ)− 18Q2(ρ)
+4Y (ρ)− 4(Z1(ρ) + Z2(ρ))
−24Q3(ρ)− 1, (12)
3including Q1, Q2, Q3, and G, and three new expressions,
Y :=
∑
i 6=j 6=k(>0),
l 6=m 6=n(>0)
(−1)(k−i) mod 3(−1)(n−l) mod 3×
〈σ0σl〉〈σiσ0〉〈σjσm〉〈σkσn〉, (13)
Z1 :=
3∑
i,j,k=1
〈σ0σj〉〈σ0σk〉〈σiσj〉〈σiσk〉, (14)
Z2 :=
3∑
i,j,k=1
〈σjσ0〉〈σkσ0〉〈σjσi〉〈σkσi〉. (15)
The quantity Q4 takes the value 6 for a maximally entan-
gled state and 0 for a separable pure state. Beyond n = 4
the expressions become large and writing them down is
cumbersome. Nonetheless, more entanglement sensitive
expressions exist: trρ5 defines (at least one) new expres-
sion, Q5, written explicitly in Appendix B. The quantity
Q5 takes the value 3 for maximally entangled states and
0 for separable pure states. It is a simple but long ex-
ercise in algebra – not included here – to show that Q4
(and Y , Z1 and Z2) and Q5 are indeed rfi .
IV. QUANTIFYING BIPARTITE
ENTANGLEMENT
We now show that our reference frame independent
expressions give bounds on the concurrence, C, of a bi-
partite state [9].
We start with the lower bound, using the result
C2 ≥ 2 max
r=A,B
{trρ2 − trρ2r}, (16)
developed in the context of direct measurements [12], a
way of characterizing entanglement using two-fold copies
of the state, ρ ⊗ ρ [13–15]. By the observation that
2 maxr=A,B{trρ2 − trρ2r} ≥ 2trρ2 − (trρ2A + trρ2B) and
Eq. (6) we find
C2 ≥ Q2 − 1
2
. (17)
Note that this bound is only slightly looser that the
bound in Eq. (16) since for the (generally, highly entan-
gled) states that interest us the difference |trρ2A − trρ2B |,
is typically small. Furthermore, although the right hand
side of Eq. (16) is rfi, the direct measurement methods
for the experiments finding it do need aligning, unlike the
measurements we use to verify Q2.
It is also possible to derive an upper bound on C based
on direct measurement schemes. In this case, the result
[15]
2 min
r=A,B
{1− trρ2r} ≥ C2, (18)
implies the bound (Q2 + 3 − 4trρ2)/2 ≥ C2. Note that
the left hand side of this expression can be calculated
from the measurements needed for Q2 since trρ
2 can be
computed from Pauli measurements, as shown by Eq.
(2). Unfortunately this bound is loose. Indeed, it cannot
be tighter that the bound in Eq. (18), which is also
fairly loose (numerical simulations show that this bound
is usually much looser than the one we will propose – see
Section VI).
We propose instead a bound which is tighter, and jus-
tify it with a strong albeit not general argument. Observ-
ing that the lower bound is saturated by a pure state –
and taking inspiration from references [3, 4] – we assume
that our bound is saturated by a state whose mixed-
ness can be varied independently of its entanglement.
Such states, known as maximally entangled mixed states
(MEMS), were suggested in reference [16],
ρMEMS :=
 x+
γ
2 0 0
γ
2
0 α 0 0
0 0 β 0
γ
2 0 0 y +
γ
2
 , (19)
where x, y, α, β and γ take real, non-negative values such
that ρMEMS is a valid quantum state. The concurrence
of ρMEMS is C(ρMEMS) = γ − 2
√
αβ.
Our goal is to minimize Q2(ρMEMS) for a given C. Set-
ting β = 0 maximizes the concurrence with no effect on
Q2(ρMEMS). By setting φ = x+ y and applying the nor-
malization condition φ+ γ + α = 1 we find
Q2(ρMEMS) = 1 + 2γ
2 − 4(1− (φ+ γ))(φ+ γ). (20)
We then minimize over φ, which leads to the upper bound
Q2(ρMEMS) ≥
{
2C2 C ≤ 12
1− 4C + 6C2 C > 12
(21)
The upper and lower bounds for C, Eqs. (21) and (17),
respectively, are shown in Fig. 1. They are respected by
randomly generated mixed states. A value of Q2 > 1
here implies non-separability. A useful property of Q2 is
that it lets us lower bound C efficiently [2], i.e. using
fewer measurements than needed for state tomography,
since any subset, S, of the tomographic measurements
lower bounds Q2,
∑
i,j∈S〈σiσj〉2 ≤ Q2.
Reference [4] presented bounds on the concurrence in
terms of the rfi quantity G, although these bounds were
not proven in generality (and the class of states they use
is less general than ρMEMS). In contrast, our lower bound
for C is proven in the general case. Following the line of
enquiry of reference [4] we note that the state purity,
which is also a rfi quantity, may help to quantify entan-
glement. The mixed states that are used as numerical
evidence in Fig. 1 are categorized by purity. The bound-
aries of each category suggest that knowing the purity
may help bound the concurrence more tightly. For in-
stance, states of purity ≤ 0.5 may never be able to cross
the Q2 = 1 boundary, even if they are entangled. This
implies that Q2 is not optimal and justifies the search for
better rfi quantities sensitive to entanglement.
4Figure 1: (Color online.) Concurrence vs. Q2. Several million
randomly generated mixed states respect the proposed upper
and lower bounds on C (the former plotted in dashed line,
since it is not proven in generality). Furthermore, categoriz-
ing these states by purity lets us further discriminate entan-
glement. States of purity ≤ 0.5 are shown in blue, 0.5 − 0.6
in green, 0.6 − 0.7 in red, 0.7 − 0.8 in cyan, and 0.8 − 0.9 in
yellow (in black and white these categories appear as increas-
ingly pale shades of grey). The boundaries suggest that purity
can be used to tighten the upper bound on concurrence.
In Fig. 2, we show the values of the rfi expressions
Q3, Q4 and Q5 for a large number of randomly gener-
ated mixed states. The results suggest that these ex-
pressions can quantify bipartite entanglement; indeed,
the narrow spreads of their values suggest that they may
give tighter bounds on concurrence than Q2, especially
for highly entangled states. Although we do not prove
this, we expect that the rfi expressions arising from ρn,
where n > 5, may give increasingly tight bounds on the
concurrence since the quantities trρn contain increasingly
large amounts of information about the state, letting one
calculate – for instance – the Renyi entropies (see Section
VI), which are measures of entanglement.
V. EXPERIMENTAL DEMONSTRATION
Our quantities can be calculated using the simple ex-
perimental procedure of measuring the Pauli operators
on a bipartite entangled state. This allows us to demon-
strate the main ideas of this work experimentally us-
ing an off-the-shelf entangled photon source [17]. This
source generates polarization entangled photon pairs in
the state |φ−〉 = 1√
2
(|HH〉 − |V V 〉), at a wavelength of
810 nm. Measurements are performed using a rotating
quarter wave plate and a polarizer placed at the path of
each photon before a silicon avalanche photodiode. The
fidelity of the generated state with respect to the max-
imally entangled state |φ−〉 was 91%. (Since the model
Figure 2: (Color online.) Concurrence vs. Q3 (blue), Q4
(green) and Q5 (cyan) (in black and white Q3, Q4, and Q5
are shown in increasingly pale shades of grey) for 5 million
randomly generated bipartite mixed states. Also shown are
the bounds of Q2 (black). All the expressions have been nor-
malized to have maximum value 1. The spreads of values of
Q3, Q4 and Q5 get increasingly narrower, suggesting that Q3,
Q4 and Q5 may give tighter bounds on the concurrence than
Q2, especially for highly entangled states.
we assume is collaborative, rather than adversarial, as in
quantum key distribution, losses play no role – we con-
sider only photon coincidences.)
We calculated the values of Q2, Q3, Q4 and Q5 for ten
states: the initial unrotated state and nine rotated states,
where in each case a randomly chosen rotation was ap-
plied to one qubit. Note here that a random rotation on
one qubit of a maximally entangled state has the same
effect as random rotations on both qubits. The rotations
are chosen using the Haar measure, which ensures that
they are evenly distributed, and they are applied by ad-
justing the quarter wave plate and the polarizer in the
path of the rotated photon. The results are shown in Fig.
3. In all cases the values violate the bounds for separable
states, however they do not reach their maximum values
because the state is not maximally entangled.
We have also demonstrated that Q2 can be bounded ef-
ficiently using the procedure of reference [2], which shows
how to pick measurements based on previous results in
order to prove that an unknown state is entangled using
the fewest measurements possible. The results are shown
in Fig. 3 for the case of three measurements. Three mea-
surements are sufficient to violate the separability bound
of Q2 for most of the rotated states that we have exam-
ined. But the method of reference [2] only guarantees a
violation for maximally entangled states, and thus some-
times fails for imperfect states as we observe in Fig. 3.
The quantities Q3, Q4 and Q5 cannot be calculated
efficiently because they contain negative terms. How-
ever, all these rfi quantities have the crucial advantage
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Figure 3: The experimental values of Q2, Q3, Q4, Q5 (black,
blue, green, cyan – color online) for ten different rotations of
the state. Rotation 1 corresponds to the unrotated state. All
quantites have been normalized to a maximal value of 1. The
horizontal black line indicates the bound for separable states
for Q2, which is equal to 1/3 because of the normalization. In
grey, we show the efficient lower bounds on Q2 found using
three measurements chosen according to the method of [2].
The dark blue regions show possible values of the concurrence,
C, which is plotted on the right hand axis.
of being simple functions of raw data, which means that
experimental errors can be easily traced through the cal-
culation and expressed as error bars on the values of
the quantities. In contrast, state tomography, which in-
volves matching data to the nearest physical quantum
state (statistical variations in the data mean states with
negative eigenvalues are often found, for instance), intro-
duces errors which are hard to characterize [18–21].
We show this experimentally: for each rotation we cal-
culated the upper and lower bounds on the state concur-
rence, given by Eqs. (21) and (17), respectively, from the
measured values of Q2. The results are shown in Fig. 3.
The concurrence of the unrotated state (rotation 1 in Fig.
3) is bounded as 0.895 ± 0.004 ≤ C(ρ) ≤ 0.948 ± 0.002.
Note here that the error bars are one standard devia-
tion, found using the standard error propagation formula.
This links the values of the expression to the experimen-
tal data, which we assume to obey Poissonian statistics.
State tomography using the same data [22] gives a recon-
structed state with concurrence C(ρtomog) = 0.85, which
suggests that the tomographically reconstructed state is
quite different to the real one. Indeed, if we had per-
formed our experiment on ρtomog, we would have found
Q2(ρtomog) = 2.44, a significant deviation from the actual
(unnormalized) value Q2(ρ) = 2.60±0.01. The mismatch
between real and reconstructed states has already been
reported [23], and has led to the development of better
tomographic methods [18–21], albeit ones which are often
difficult to perform in practice. Expressions such as Q2,
Q3, Q4 and Q5, which are simple functions of raw data,
provide reliable ways of characterizing entanglement.
VI. EXTENSION TO FURTHER QUANTITIES
This idea can be applied to more complex quantities,
which would normally be computed from a tomograph-
ically reconstructed state, as was done in reference [24].
All functions of a density matrix can be expanded in
terms of expectations of the Pauli operators. Expressing
them in this form allows us to trace through the experi-
mental errors directly as above.
As an example, let us consider the purity, which can be
calculated directly from the tomographic data: the full
state purity is given in Eq. (2), while the partial purity is
trρ2A = 1/2
∑3
i=0〈σiσ0〉. This can be used to implement
a simple, but powerful entanglement test. As shown in
reference [11], all bipartite separable states obey
trρ2A ≥ trρ2, trρ2B ≥ trρ2. (22)
Entanglement can thus be proven from the raw data by
contradicting this. Our (unrotated) state gives the pu-
rities trρ2A = 0.5081 ± 0.0001, trρ2B = 0.5044 ± 0.0001,
and trρ2 = 0.9066 ± 0.0008, comfortably violating the
separability criteria.
Similarly, the full and partial state purities can be used
to compute the bounds on concurrence proposed in ref-
erences [12, 15],
2 max
r=A,B
{trρ2 − trρ2r} ≤ C2 ≤ 2 min
r=A,B
{1− trρ2r}. (23)
References [11, 13] showed that, in principle, the en-
tanglement measures in the Eqs. (22) and (23) can be
obtained using just one observable. However, in prac-
tice these methods need two-fold copies of the state,
ρ ⊗ ρ, and, in the scheme of [13], a multi-qubit oper-
ator controlled by an ancilla qubit; it is much simpler
to generate entangled states one at a time and mea-
sure single-qubit observables, which are the only require-
ments of our method. For our state, we find the bounds
0.8968±0.0009 ≤ C(ρ) ≤ 0.9918±0.0002. Note here that,
while the lower bound agrees with that given by Q2, the
upper bound given by Eq. (23) is much looser. The
tomographically reconstructed state gives the bounds
0.85 ≤ C(ρtomog) ≤ 0.99.
Knowing the purity also lets us bound the Renyi en-
tropies,
Sα :=
1
1− α ln trρ
α. (24)
Since S1 ≥ S2 ≥ . . . ≥ S∞, knowing S2 = − ln trρ2 is
enough to upper bound all but the first Renyi entropy,
the Von Neumann entropy, S1 = −tr(ρ ln ρ). That is we
have
− ln trρ2 = S2 ≥ S3 ≥ . . . ≥ S∞. (25)
This can efficiently calculated: one may find a useful
bound without performing the full set of tomographic
6measurements,
− ln
(1
4
∑
i,j∈S
〈σiσj〉2
)
≥ S2, (26)
where S is a subset of the tomographic measurements.
(Thus Q2 also bounds S2, − lnQ2 ≥ S2.) Our state
gives S2(ρ) = 0.0981±0.0009. To demonstrate the power
of bounding S2 efficiently we consider the largest four
expectation values, giving the value 0.1188±0.0009 ≥ S2,
an improvement on the tomographic value, S2(ρtomog) =
0.14, which needs nine measurements.
Of course, the hierarchy of Renyi entropies also implies
a lower bound on the von Neumann entropy [25], S1 ≥
S2, although not a very tight one. We now propose a
method for finding tighter lower bounds. We have shown
how to calculate trρn for n ≥ 2 from the tomographic
data (for instance, Eq. (8) gives trρ3). Using this we can
bound the Von Neumann entropy, which we write as an
expectation value, S1 = −〈ln ρ〉. We express the natural
logarithm as a Mercator expansion,
S1 = 〈1− ρ〉+ 1
2
〈(1− ρ)2〉+ 1
3
〈(1− ρ)3〉+ . . .
= tr
(
ρ(1− ρ))+ 1
2
tr
(
ρ(1− ρ)2)+ 1
3
tr
(
ρ(1− ρ)3)+ . . . .
(27)
An abbreviated expansion always lower bounds S1 since
each term, tr
(
ρ(1−ρ)n)/n, is non-negative. For instance,
given trρ, trρ2, trρ3 and trρ4, we can lower bound S1,
S1 ≥ Sa = tr
(
ρ(1− ρ))+ 1
2
tr
(
ρ(1− ρ)2)+ 1
3
tr
(
ρ(1− ρ)3)
=
11
6
trρ− 3trρ2 + 3
2
trρ3 − 1
3
trρ4. (28)
Note that trρn is calculated from the same data for any
value of n. The only limitation in the number of terms
in the Mercator expansion is the length of time it takes
to compute the expressions. In practice the computation
bottleneck arises when calculating error bars. Using this
method our (unrotated) state gives Sa(ρ) = 0.99±0.001,
while the Von Neumann entropy calculated from the re-
constructed state is S1(ρtomog) = 0.28.
As shown in reference [26], given trν, trν2, trν3 and
trν4, it is even possible to calculate the eigenvalues of
the matrix ν, providing a way to measure entanglement
detecting quantities such as concurrence and positivity
of the partial transpose (PPT) [1] directly.
VII. DISCUSSION
We have addressed the question of the detection and
quantification of bipartite entanglement in the practical
setting where a shared reference frame between the two
parties is absent by presenting a method for generating
expressions that are invariant under reference frame rota-
tion. We have analyzed four expressions and have shown
analytically, for the quantity Q2, that it can provide tight
bounds to the concurrence of a state, while a numeri-
cal analysis suggests that the quantities Q3, Q4 and Q5
may provide even tighter bounds. The quantity Q2 can
also be lower bounded using fewer measurements than
required for state tomography [2]. Our expressions have
the important advantage with respect to state tomog-
raphy that they are calculated from raw experimental
data, which means that errors can be easily character-
ized and be represented as error bars on the values of
the expressions. Using an off-the-shelf source, we have
shown experimentally bounds on concurrence given by
these expressions are more reliable than the values calcu-
lated using state tomography. In this sense, our expres-
sions provide efficient and reliable tests of entanglement
for rotated quantum states.
Furthermore, we have applied the same idea to other
quantities, which are normally calculated from a tomo-
graphically reconstructed state. Once again, the values
of expressions that are simple functions of raw data, for
which an analysis of experimental errors is straightfor-
ward, are more reliable than those found from a recon-
structed state. Our experiment therefore shows that
complicated, non-linear quantities can be directly (and
sometimes efficiently) estimated from the results of a sim-
ple experimental setup. Calculated directly, these quan-
tities are more reliable – and have errors that are more
easily characterized – than those found from state tomog-
raphy.
We pose two questions which we leave unanswered.
First, it would be interesting to perform this experiment
using mixed states – to see the effect of purity on the re-
liability of our expressions relative to those derived from
state tomography. Second, it would be interesting to
derive analytic bounds for the higher order expressions
and to find more rfi expressions that can be efficiently
bounded. Finding such expressions in a multiparty set-
ting is also an important question with implications in
the practical demonstration of advanced quantum infor-
mation protocols.
Acknowledgments
We thank QuTools for technical assistance. We
acknowledge financial support from the City of Paris
through the project CiQWii. I.K. was supported from
the ERC project QCC. T.L. and A.P. acknowledge
support from Digiteo.
7[1] R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[2] W. Laskowski, D. Richart, C. Schwemmer, T. Paterek,
and H. Weinfurter, Phys. Rev. Lett. 108, 240501 (2012).
[3] C. Kothe, I. Sainz, and G. Bjork, Journal of Physics:
Conference Series 84, 012010 (2007).
[4] C. Kothe and G. Bjo¨rk, Phys. Rev. A 75, 012336 (2007).
[5] H. Aschauer, J. Calsamiglia, M. Hein, and H. J. Briegel,
Quantum Information and Computation 4, 383 (2004).
[6] W. Laskowski, M. Markiewicz, T. Paterek, and
M. Z˙ukowski, Phys. Rev. A 84, 062305 (2011).
[7] P. Badzia¸g, C. Brukner, W. Laskowski, T. Paterek, and
M. Z˙ukowski, Phys. Rev. Lett. 100, 140403 (2008).
[8] J. I. de Vicente and M. Huber, Phys. Rev. A 84, 062306
(2011).
[9] A. Peres and W. K. Wootters, Phys. Rev. Lett. 66, 1119
(1991).
[10] A. Laing, V. Scarani, J. G. Rarity, and J. L. O’Brien,
Phys. Rev. A 82, 012304 (2010).
[11] F. A. Bovino, G. Castagnoli, A. Ekert, P. Horodecki,
C. M. Alves, and A. V. Sergienko, Phys. Rev. Lett. 95,
240407 (2005).
[12] F. Mintert and A. Buchleitner, Phys. Rev. Lett. 98,
140505 (2007).
[13] A. K. Ekert, C. Moura Alves, D. K. L. Oi, M. Horodecki,
P. Horodecki, and L. C. Kwek, ArXiv e-prints (2002),
quant-ph/0203016.
[14] Z. Ma, F.-L. Zhang, D.-L. Deng, and J.-L. Chen, Phys.
Lett. A 373, 1616 (2009).
[15] C.-J. Zhang, Y.-X. Gong, Y.-S. Zhang, and G.-C. Guo,
Phys. Rev. A 78, 042308 (2008).
[16] T.-C. Wei, K. Nemoto, P. M. Goldbart, P. G. Kwiat,
W. J. Munro, and F. Verstraete, Phys. Rev. A 67, 022110
(2003).
[17] http://www.qutools.com/products/quED.
[18] R. Blume-Kohout, ArXiv e-prints (2012), 1202.5270.
[19] M. Christandl and R. Renner, Phys. Rev. Lett. 109,
120403 (2012).
[20] H. Zhu, ArXiv e-prints (2014), 1404.3453.
[21] J. Shang, H. Khoon Ng, A. Sehrawat, X. Li, and B.-G.
Englert, New J. Phys. 15, 123026 (2013).
[22] P. Kwiat, URL http://research.physics.illinois.
edu/QI/Photonics/Tomography/.
[23] C. Schwemmer, L. Knips, D. Richart, T. Moroder,
M. Kleinmann, O. Gu¨hne, and H. Weinfurter, ArXiv e-
prints (2013), 1310.8465.
[24] S. T. Flammia and Y.-K. Liu, Phys. Rev. Lett. 106,
230501 (2011).
[25] M. B. Hastings, I. Gonza´lez, A. B. Kallin, and R. G.
Melko, Phys. Rev. Lett. 104, 157201 (2010).
[26] P. Horodecki and A. Ekert, Phys. Rev. Lett. 89, 127902
(2002).
Appendix A. DERIVING Q3 FROM trρ
3
In this section we apply our method for generating ref-
erence frame independent expressions to trρ3. Consider
the decomposition
trρ3 =
1
64
3∑
i,j,k,l,m,n=0
〈σiσj〉〈σkσl〉〈σmσn〉tr
(
(σiσkσm)⊗ (σjσlσn)
)
.
(29)
Non-traceless operations are defined by σiσkσm = σ0.
This occurs for:
i) i = k = m = 0;
ii) i = 0, k = m 6= 0 (and permutations: i = m 6= 0,
k = 0, etc.);
iii) i 6= k 6= m (i, k,m 6= 0).
These categories account for 256 terms in Eq. (29).
Each of these must be examined – by analyzing all
permutations of cases i), ii) and iii) for each party – to
find a rfi quantity.
Case iii)–i) and iii)–ii).
If one particle is measured using operators obeying iii),
and the other according to either i) or ii), represented
in shorthand iii)–i) and iii)–ii), respectively, then the
expectation values combine trivially. Each element of
trρ3 is real (being composed of the product of quantum
expectation values). Since measurements according to
iii) give imaginary coefficients, but i) and ii) do not, it
follows that all combinations such as iii)–i) and iii)–ii)
must be identically zero.
We consider now what happens when one party
measures according to i). The case i)–iii) has just been
dealt with, since there is a symmetry between the two
parties. This leaves two possibilities.
Case i)–i).
This defines the term 〈σ0σ0〉〈σ0σ0〉〈σ0σ0〉, which is 1 for
any normalized state.
Case i)–ii) and ii)–i).
This gives three repetitions of the terms
3∑
i=1
〈σiσ0〉2, (30)
and
3∑
j=1
〈σ0σj〉2. (31)
This is equal to 3(Q1(ρA) + Q1(ρB)), where
Q1 =
∑3
i=1〈σi〉2.
8Case ii)–ii).
When i = j = 0 we find the terms
3∑
j,k=1
〈σ0σ0〉〈σjσk〉〈σjσk〉 =
3∑
j,k=1
〈σjσk〉2. (32)
Accounting for repetitions, this gives 3Q2(ρ). The re-
maining terms are (six) permutations of
3∑
i,j=1
〈σiσ0〉〈σ0σj〉〈σiσj〉. (33)
This can be represented in terms of G, an existing rfi
entanglement measure [3, 4],
G =
3∑
i,j=1
(〈σiσj〉 − 〈σiσ0〉〈σ0σj〉)2
= Q2(ρ) +Q1(ρA)Q1(ρB)− 2
3∑
i,j=1
〈σiσ0〉〈σ0σj〉〈σiσj〉.
(34)
The contribution from ii)–ii) is thus
6Q2(ρ) + 3Q1(ρA)Q1(ρB)− 3G. (35)
Case iii)–iii).
The last contribution – the one which gives Q3 – is
−
∑
iii)–iii)
(−1)(m−i) mod 3(−1)(n−j) mod 3〈σiσj〉〈σkσl〉〈σmσn〉,
(36)
where the summation is over operators defined by iii).
Equation (36) is a rfi quantity. However, it contains
some redundancies; removing repetitions, we find the ex-
pression
Q3 := 〈σ1σ3〉〈σ2σ2〉〈σ3σ1〉 − 〈σ1σ2〉〈σ2σ3〉〈σ3σ1〉−
〈σ1σ3〉〈σ2σ1〉〈σ3σ2〉+ 〈σ1σ1〉〈σ2σ3〉〈σ3σ2〉+
〈σ1σ2〉〈σ2σ1〉〈σ3σ3〉 − 〈σ1σ1〉〈σ2σ2〉〈σ3σ3〉. (37)
Using the results of the previous cases, we can write
the expression Q3 as
6Q3(ρ) = 16trρ
3 − 3Q1(ρA)− 3Q1(ρB)−
6Q2(ρ)− 3Q1(ρA)Q1(ρB) + 3G− 1, (38)
which can be rewritten as
6Q3(ρ) = 16trρ
3 − 24trρ2 + 3G(ρ)+
12
(
trρ2A + trρ
2
B − trρ2Atrρ2B
)− 4. (39)
Appendix B. Q5
Our method for generating rfi expressions applied to
trρ5 gives the expression
Q5 :=
〈σ1σ1〉2〈σ1σ3〉〈σ2σ2〉〈σ3σ1〉+ 〈σ1σ2〉2〈σ1σ3〉〈σ2σ2〉〈σ3σ1〉+
〈σ1σ3〉3〈σ2σ2〉〈σ3σ1〉+ 〈σ1σ3〉〈σ2σ1〉2〈σ2σ2〉〈σ3σ1〉+
〈σ1σ3〉〈σ2σ2〉3〈σ3σ1〉 − 〈σ1σ1〉2〈σ1σ2〉〈σ2σ3〉〈σ3σ1〉−
〈σ1σ2〉3〈σ2σ3〉〈σ3σ1〉 − 〈σ1σ2〉〈σ1σ3〉2〈σ2σ3〉〈σ3σ1〉−
〈σ1σ2〉〈σ2σ1〉2〈σ2σ3〉〈σ3σ1〉 − 〈σ1σ2〉〈σ2σ2〉2〈σ2σ3〉〈σ3σ1〉+
〈σ1σ3〉〈σ2σ2〉〈σ2σ3〉2〈σ3σ1〉 − 〈σ1σ2〉〈σ2σ3〉3〈σ3σ1〉+
〈σ1σ3〉〈σ2σ2〉〈σ3σ1〉3 − 〈σ1σ2〉〈σ2σ3〉〈σ3σ1〉3−
〈σ1σ1〉2〈σ1σ3〉〈σ2σ1〉〈σ3σ2〉 − 〈σ1σ2〉2〈σ1σ3〉〈σ2σ1〉〈σ3σ2〉−
〈σ1σ3〉3〈σ2σ1〉〈σ3σ2〉 − 〈σ1σ3〉〈σ2σ1〉3〈σ3σ2〉−
〈σ1σ3〉〈σ2σ1〉〈σ2σ2〉2〈σ3σ2〉+ 〈σ1σ1〉3〈σ2σ3〉〈σ3σ2〉+
〈σ1σ1〉〈σ1σ2〉2〈σ2σ3〉〈σ3σ2〉+ 〈σ1σ1〉〈σ1σ3〉2〈σ2σ3〉〈σ3σ2〉+
〈σ1σ1〉〈σ2σ1〉2〈σ2σ3〉〈σ3σ2〉+ 〈σ1σ1〉〈σ2σ2〉2〈σ2σ3〉〈σ3σ2〉−
〈σ1σ3〉〈σ2σ1〉〈σ2σ3〉2〈σ3σ2〉+ 〈σ1σ1〉〈σ2σ3〉3〈σ3σ2〉−
〈σ1σ3〉〈σ2σ1〉〈σ3σ1〉2〈σ3σ2〉+ 〈σ1σ1〉〈σ2σ3〉〈σ3σ1〉2〈σ3σ2〉+
〈σ1σ3〉〈σ2σ2〉〈σ3σ1〉〈σ3σ2〉2 − 〈σ1σ2〉〈σ2σ3〉〈σ3σ1〉〈σ3σ2〉2−
〈σ1σ3〉〈σ2σ1〉〈σ3σ2〉3 + 〈σ1σ1〉〈σ2σ3〉〈σ3σ2〉3+
〈σ1σ1〉2〈σ1σ2〉〈σ2σ1〉〈σ3σ3〉+ 〈σ1σ2〉3〈σ2σ1〉〈σ3σ3〉+
〈σ1σ2〉〈σ1σ3〉2〈σ2σ1〉〈σ3σ3〉+ 〈σ1σ2〉〈σ2σ1〉3〈σ3σ3〉−
〈σ1σ1〉3〈σ2σ2〉〈σ3σ3〉 − 〈σ1σ1〉〈σ1σ2〉2〈σ2σ2〉〈σ3σ3〉−
〈σ1σ1〉〈σ1σ3〉2〈σ2σ2〉〈σ3σ3〉 − 〈σ1σ1〉〈σ2σ1〉2〈σ2σ2〉〈σ3σ3〉+
〈σ1σ2〉〈σ2σ1〉〈σ2σ2〉2〈σ3σ3〉 − 〈σ1σ1〉〈σ2σ2〉3〈σ3σ3〉+
〈σ1σ2〉〈σ2σ1〉〈σ2σ3〉2〈σ3σ3〉 − 〈σ1σ1〉〈σ2σ2〉〈σ2σ3〉2〈σ3σ3〉+
〈σ1σ2〉〈σ2σ1〉〈σ3σ1〉2〈σ3σ3〉 − 〈σ1σ1〉〈σ2σ2〉〈σ3σ1〉2〈σ3σ3〉+
〈σ1σ2〉〈σ2σ1〉〈σ3σ2〉2〈σ3σ3〉 − 〈σ1σ1〉〈σ2σ2〉〈σ3σ2〉2〈σ3σ3〉+
〈σ1σ3〉〈σ2σ2〉〈σ3σ1〉〈σ3σ3〉2 − 〈σ1σ2〉〈σ2σ3〉〈σ3σ1〉〈σ3σ3〉2−
〈σ1σ3〉〈σ2σ1〉〈σ3σ2〉〈σ3σ3〉2 + 〈σ1σ1〉〈σ2σ3〉〈σ3σ2〉〈σ3σ3〉2+
〈σ1σ2〉〈σ2σ1〉〈σ3σ3〉3 − 〈σ1σ1〉〈σ2σ2〉〈σ3σ3〉3. (40)
